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Abstract—Fluorescence from an ensemble of noninteracting molecules excited by continuous laser radiation
is considered as a glow of M individual molecules. The expression that governs the autocorrelation function
(ACF) of fluorescence from M molecules is derived based on the theoretical expression that governs the ACF
of fluorescence from a singlemolecule. Fluctuations of blinking fluorescence and its statistical properties are
analyzed using a computer simulation. The results of statistical analysis of the computer experiment are in
good agreement with the derived formula that governs the ACF of fluorescence from several molecules.
DOI: 10.1134/S0030400X10110184

INTRODUCTION
Fluorescence from an ensemble of molecules
excited by a continuouswave (cw) laser radiation
consists of a flow of photons and represents classical
incoherent light of constant intensity. At the same
time, the fluorescence of a single molecule represents
a quantized light. Because each molecule emits pho
tons at random moments in time, the intensity of flu
orescence I (t ) = N / t or the number of photons N
detected during the bin time t will fluctuate. The sec
ondorder autocorrelation function (ACF) defined as
[1, 2]

g (2)( T ) =

I(t )I(t + T)
I(t )I (t + T )
=
2
I(t )I(t + ∞)
I

AUTOCORRELATION FUNCTION
OF SINGLEMOLECULE FLUORESCENCE
First, we outline the possible ways of finding a the
oretical expression that governs the ACF of single
molecule fluorescence. To this end, consider the gen
eral expression governing probability wN (T ) of detect
ing N photons within time interval Т, which was first
obtained by Mandel [1, 2], as follows:

w N( T)
N

=
(1)

can be measured for this fluctuating fluorescence. The
numerator in (1) represents the sum over all overlap
ping products of two fluctuating fluorescence intensi
ties shifted by time interval Т and I is the mean flu
orescence intensity.
The intensity in formula (1) can be measured
experimentally. Obviously, the ACF dependence on Т
is determined by the dynamics of quantum jumps
between ground electronic state 0 and excited elec
tronic state 1 of each molecule, i.e., the microscopic
model of the molecular ensemble. Hence, the deriva
tion of the theoretical formula that relates g (2)(T ) to the
microscopic model of the emitter is an important
practical task. Finding the solution would allow one to
determine how the quantum properties of light disap
pear with an increase in the number of molecules in an
ensemble.

⎡t +T
⎤
⎡ t +T
⎤
Tˆ : 1 ⎢ dxIˆ(x)⎥ exp ⎢− dxIˆ(x)⎥ :
N !⎢
⎥⎦
⎢⎣ t
⎥⎦
⎣t

∫

∫

.

(2)

This formula represents the quantumstatistical aver
age of the timeordered normal product of operators
Iˆ(x) of electromagnetic field intensity. The formula is
applicable to fluorescence from both an ensemble of
molecules and a single molecule. Calculating the sec
ondorder factorial moment of distribution function (2),
we obtain the known expression
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∞

N (T) =
(2)

∑ N(N − 1)w

N(T)

N =0
t +T

=

∫ dt ∫ dt
2

t

T

t +T
1

Tˆ : Iˆ( t1) Iˆ( t 2) :

t

x

∫ ∫

= 2 dx dy : Iˆ( x ) Iˆ( y ) : = 2 I
0

0

(3)

T
2

x

∫ dx∫ dyg
0

0

( x − y ).

(2)
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Performing Laplace transformation

The obtained expression can be significantly simpli
fied by introducing the socalled full twophoton cor
relator p(t) defined as

∞

f (λ) = f (iω) =

∫ f (t)e

i(ω+ i 0)t

dt

dW p(t) = p(t)dt ,

0

of both sides of formula (3), we have

N (λ) = 2 I
(2)

2

g (λ)/ λ .
(2)

2

(4)

Alternatively, the secondorder factorial moment of
the distribution of photons emitted by a single mole
cule can be calculated using the expression for the
function wN (T ) that describes the distribution of fluo
rescence photons emitted by a single molecule excited
by continuous light; a detailed derivation of this
expression can be found in [3, 4]. The Laplace trans
form of this probability is described by the following
formula [3–6]:

w N ( λ ) = [1 − s ( λ )]2s ( λ ) N −1/ τ 0λ 2 .

(5)

This formula describes the distribution function of the
fluorescence photons from a single molecule in terms
of Laplace transform s(λ) of the socalled start–stop
correlator. The physical meaning of the start–stop
correlator is defined by the formula dW s (t ) = s(t )dt ,
where dW s (t ) is the probability of detecting the second
fluorescence photon in the (t, t + dt ) time interval, pro
vided the preceding photon was emitted at t = 0. Obvi
ously, the start–stop correlator is the probability of
detecting two successively emitted photons separated
by time interval t. For this reason, s(t) is also called the
waiting time distribution [5–7]. Specific form of the
start–stop correlator is determined by the microscopic
model of the single photon emitter.
Quantity
∞

∞

∫

∫

⎡ t
⎤
(6)
τ 0 = ts ( t ) dt = ⎢1 − s ( x ) dx ⎥ dt
⎢
⎥
⎦
0
0 ⎣
0
is the mean duration of the interval between two suc
cessively emitted photons [3, 4]. Obviously, this time is
related to the average intensity of fluorescence by the
following simple formula:

∫

1/ τ 0 = I .

(7)

Next, we calculate the secondorder factorial moment
of the distribution function w NM (T ); the Laplace trans
form of the latter is defined by formula (5). The calcu
lations are performed using Laplace components as
follows:
∞

N (λ ) =
(2)

∑

N ( N − 1) w N ( λ )

N =0
∞

[1 − s ( λ )]2
2s (λ )
N −1
.
=
N ( N − 1) s ( λ )
=
2
2
τ 0λ
τ 0λ [1 − s ( λ )]
N =0

∑

(8)

(9)

where dW p(t ) is the probability of detecting two pho
tons separated by time interval t for arbitrary number
of additional photons emitted within this interval. As
was shown in detail in [8, 9], the full correlator and the
start–stop correlator are related by the integral expres
sion
t

∫

p(t ) = s(t ) + s(t − x) p(x)dx .
0

Carrying out a Laplace transformation, we obtain the
following formula for Laplace components:
s(λ)/[1 − s(λ)] = p(λ).

The substitution of this relation into (8) yields

N (2)( λ ) = 2 p ( λ ) / τ 0λ 2 = 2 I p ( λ ) / λ 2.

(10)

Equating the righthand sides of (4) and (10) leads to
the following expression governing Laplace transform
of the fluorescence ACF:
g (2)(λ) = p(λ)/ I .

(11)

Recall that dW p(t) = p(t)dt is the probability of obser
vation of the second photon in the (t , t + dt ) interval,
provided that the first photon was emitted at t = 0. The
correlation between the two photons vanishes if the
time interval t is fairly long. Then,

dW p( ∞ ) = p ( ∞ )dt = I dt ,
which means that the probability of observation of a
photon in interval (t, t + dt) is determined by the prod
uct of average intensity of the glow and the length of
the time interval. Taking into account that I = p(∞)
and switching to functions of time in (11), we finally
have
(12)
g (2)(T ) = p(T )/ p(∞) .
This formula relates the experimentally measurable
ACF of fluorescence with the full twophoton correla
tor, which can be calculated for a given model of the
single emitter. Equation g (2)(∞) = 1 means the lack of
correlation between the two photons emitted with a
long delay with respect to each other.
AUTOCORRELATION FUNCTION
OF FLUORESCENCE FROM A MOLECULAR
ENSEMBLE
Next, we consider the fluorescence from two inde
pendent molecules. In this case, we deal with a
sequence of photons emitted by both molecules. If the
OPTICS AND SPECTROSCOPY
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spectral bands of fluorescence of molecules 1 and 2 are
different, photons emitted by each of the molecules
can be detected separately by using spectral filters.
Figure 1 shows the sequence of photons emitted by
two molecules whose absorption rates k differ by a fac
tor of three. Photons emitted by molecules 1 and 2 are
indicated by short and long vertical lines, respectively.
Apparently, in this case, we can measure four types of
probabilities, i.e.,

dWnm(t) = pnm(t)dt,

(13)

where the first index n = 1, 2 denotes the number of
the molecule that emitted a photon at time zero, while
the second index m = 1, 2 denotes the number of the
molecule that emitted a photon in the time interval
(t, t + dt). Formula (13) represents a generalization of
formula (9) for the case of light emission by two mole
cules. The probabilities p11(t) = p1(t) and p22(t) = p2(t)
of the events where both photons were emitted by mol
ecule 1 or molecule 2, are termed the full correlators of
molecules 1 and 2, respectively. Probabilities p12(t ) and
p21(t), which correspond to the events where the first
and the second photons were emitted by different mol
ecules, are referred to as “cross correlators.”
Since the molecules emit fluorescence photons
independently, the following relations apparently take
place:
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Fig. 1. Distribution of fluorescence photons emitted by
molecule 1 (short lines) and molecule 2 (long lines) over a
time interval.

are the probabilities of seeing photon 1 and photon 2
in the combined sequence of photons shown in Fig. 1.
Consequently, the coefficient

p(2)(τ) = P1[p11(τ) + p12(τ)] + P2[p22(τ) + p21(τ)]
(16)
= p1[p1(τ) + p2]/(p1 + p2) + p2[p2(τ) + p1]/(p1 + p2)
represents the count rate of pairs of any photons sepa
rated by time interval τ in the combined fluorescence
from two molecules. The abbreviated notations
p1(∞) = p1 and p2(∞) = p2 were used above. Conse
quently, the ACF of fluorescence from two molecules,
which equals unity when time tends to infinity, is
determined by the following formula
g (2)(τ) = p(2)(τ)/p(2)(∞)
(2)

p11( ∞ ) = p21( ∞ ) = p1( ∞ ), p22(∞) = p12(∞) = p2(∞).(14)

= [p1(τ)p1 + p2(τ)p2 + 2p1 p2](p1 + p2)−2

Recall that the first index corresponds to the number of
the molecule that emits the first photon in the pair,
while the second index corresponds to the number of
the molecule emitting the second photon. Formula (14)
states that the correlation between any two photons is
absent at long delays.
Because of the quantum nature of fluorescence
from a single molecule, two fluorescence photons can
not be emitted simultaneously, i.e., p11(0) = p22(0) = 0 .
This effect is called photon antibunching. However,
antibunching is absent for photons emitted by differ
ent molecules because

[p12 g1(2)(τ)

p21(0) = p1(∞),

p12(0) = p2(∞).

(15)

Combining (14) and (15), we have

p21(0) = p21(∞) = p21(τ) = p1(∞),
p12(0) = p12(∞) = p12(τ) = p2(∞).

Consequently, there is no correlation between any pair
of photons 1 and 2, and the corresponding crosscorr
elator is determined by the photons count rate of clos
ing time interval τ .
Obviously,

P1 = p1(∞)/[ p1(∞) + p2(∞)],
P2 = p2(∞)/[ p1(∞) + p2(∞)]
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(17)

−2

=
+
+ 2p1 p2](p1 + p2) .
The latter formula expresses ACF of fluorescence from
two molecules in terms of ACF of fluorescence from
each of them.
Formulas (16) and (17) can be easily generalized to
the case of fluorescence from М independent mole
cules:
⎡
⎢ p j p j(τ) +
⎣
j =1 ⎢
M

p(M)(τ) =

p22 g 2(2)(τ)

∑

⎤
(1 − δ jk)p j pk ⎥
⎥⎦
k =1
M

∑

M

∑ p , (18)
j

j =1

−2

M
⎡ 2 (2)
⎤⎛ M ⎞
p
g
(
τ
)
+
(1
−
δ
)
p
p
p j ⎟ . (19)
⎢ j j
jk j k ⎥ ⎜
⎜
⎟
⎢
⎥
⎦ ⎝ j =1 ⎠
j =1 ⎣
k =1
These formulas express the full twophoton correlator
and the ACF of fluorescence from М different nonin
teracting molecules in terms of full twophoton corre
lator p j (τ) and ACF of fluorescence g (2)
j (τ) of each of
the М molecules.
M

g ((2)
M)( τ) =

∑

∑

∑

FULL TWOPHOTON CORRELATOR
OF BLINKING FLUORESCENCE
The full twophoton correlator of fluorescence
from a single molecule can be calculated, provided a
microscopic model that describes a single molecule
excited by a continuous light source and emitting flu
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the solution of set of equations (20) with initial condi
tions ρ 0(0) = 1, ρ1(0) = ρ 2(0) = 0. In the process of reg
istering spontaneous fluorescence photons, at time
zero, the probabilities have the aforementioned values.
Solving set of equations (20), we find that

g(M)
3
1
2

2

3
4

1

0
⎯10

⎡
⎛
⎞ −(γ 0 − R) t
p (t ) = k ⎢ 2 a 2 + ⎜1 − a ⎟ e
T1 ⎣γ 0 − R ⎝ γ 0 − R ⎠ 2R
⎛
⎞ −( γ 0 + R) t ⎤
− ⎜1 − a ⎟ e
⎥,
⎝ γ 0 + R ⎠ 2R ⎦

5

⎯8

⎯6

⎯4

⎯2
0
log(t) [s]

where

Fig. 2. Autocorrelation function of fluorescence from one
(1), two (2), four (3), ten (4) and sixty (5) identical mole
cules calculated based on formulas (19) and (21) with set of
parameters (23).

orescence photons is available. As an example, we
consider a molecule with a triplet state that emits flu
orescence photons under cw light illumination. The
molecule can be described by a threelevel energy dia
gram, where optical transitions occur between singlet
electronic states 0 and 1, with triplet level 2 located
between them.
Processes in this molecule can be analyzed using
kinetic equations

ρ 1 = − ( G + k + 1/ T1 + A ) ρ1 + kρ0,
ρ 0 = ( G + k + 1/ T1 ) ρ1 − kρ0 + aρ2,
ρ 2 = Aρ1 − aρ2.

(21)

(20)

Here, ρ j is the probability of finding the molecule in
quantum state j = 0, 1, or 2. Constants k , 1/ T1 , and G
represent the rates of induced, spontaneous, and non
radiative transitions between optically active states 0
and 1. Constants A and a describe the rate of transi
tions to and from dark state 2, in which the molecule’s
fluorescence stops. In particular, a triplet state often
plays the role of the dark state.
The molecule illuminated by a cw laser radiation
emits fluorescence accompanied by random jumps of
the molecule between states 0 and 1, whereby the mol
ecule emits one photon in each jump from state 1 to
state 0. The time interval within which the molecule
jumps between states 0 and 1 is called the on interval.
When a nanoparticle makes a transition from state 1 to
dark state 2, its emission stops, despite continuing
laser illumination, i.e., the off interval begins. Fluores
cence recovers and the off interval ends when the mol
ecule jumps from state 2 to state 0. The presence of the
on and off intervals is the second piece of evidence that
demonstrates the quantum nature of fluorescence
emitted by a single molecule.
As was shown in [8], the full twophoton correlator
is defined by the formula p(t ) = ρ1(t )/ T1, where ρ1(t) is

γ 0 = (1 / T1 + G + A + 2 k + a ) / 2,
R=

[(1/ T1 + G + A + 2k − a)/ 2]2 − kA

.

(22)

Substituting (21) into (12), we obtain an expression
that governs the ACF of blinking fluorescence from a
single molecule. The result of calculations using this
formula with the following set of relaxation constants:

k = 105, G = 10 7, 1 T1 =108,

(23)

a = 200, A = 3.7 × 105 s −1

is presented in Fig. 2 by a line that corresponds to М =
1. The drop in fluorescence to zero at short times is
due to the photon antibunching effect, which has a
purely quantum nature, as was mentioned above. Ine
quality g (2)(t) > 1 shows that photons are emitted in
groups (photon bunching), i.e., during the on inter
vals.
Also shown in Fig. 2 are the ACF of fluorescence
from 2, 4, 10, and 60 identical molecules calculated
according to (19). Evidently, as the number of mole
cules increases, the effects of both antibunching and
bunching disappear; i.e., fluorescence from several
molecules attains the features of a classical light,
although radiation of each molecule has quantum
nature.
DISTRIBUTION
OF THE ON AND OFF INTERVALS
Next, we numerically simulate blinking fluores
cence, which consists of on and off intervals. The mol
ecule illuminated by cw laser radiation makes jumps
between singlet states 0 and 1 at random moments in
time, emitting a photon in each jump from state 1.
Equations Governing On States
These equations can be obtained from (20) by
omitting the term aρ2 that describes transition of mol
ecule from triplet to singlet state in the second equa
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tion. We get the following set of equations governing
the dynamics of the on states:
ρ 1 = − ( G + k + 1/ T1 + A ) ρ1 + kρ 0,
ρ 0 = ( G + k + 1/ T1 ) ρ1 − kρ0.

I1
2

(24)

1

The formula that governs the distribution of the on
intervals will have a simple form if we take into
account that the mean time interval between the jumps
between states 1 and 0 is significantly shorter than the
duration of the on interval. For such frequent jumps
between states 0 and 1, probability of the molecule to
be in the on state can be determined from the formula
ρon = ρ0 + ρ1, which coincides with the probability
that the molecule is in a singlet state. Hence, adding
two equations of set (24), we have

0
I2
2

(25)
ρ on = − Aρ1.
When the time of accumulation of photons is signifi
cantly longer than the mean interval between two
emitted photons, the fluorescence emitted during the
on interval is perceived as a continuous glow. In this
case, a quasistationary approximation can be used;
for ρ 1 = 0 , the first equation of set (24) yields
kT1
ρ1 =
ρ0 .
1 + (k + A + G)T1
Using this formula and formula ρon = ρ0 + ρ1, it can be
expressed in terms of ρon :
kT1
ρ1 =
ρon.
1 + (2k + G + A)T1
Substituting this relation into (25), we obtain the fol
lowing simple equation that governs the probability of
finding a molecule in the on state:
ρ on = −ρ on/ τ on ,

(26)

where
1/ τ on = kAT1/ [1 + (2 k + G + A ) T1] = kYISC .
Here, YISC is the quantum yield of intersystem cross
ing. The solution of Eq. (26) has the form
ρ on (t ) = con exp(−t / τ on ),

(27)

where con is an arbitrary coefficient (for now). How
ever, this function can be regarded as the density of the
probability of finding an on interval of duration t, pro
vided that the arbitrary coefficient is chosen to satisfy
the probability normalization condition
∞

∫ P(t)dt = 1.

(28)

0

Substituting (27) into (28), we find that con = 1/ τ on .
Consequently, the distribution function of the on
interval has the form
(29)

Obviously, τ on is the mean duration of the on interval.
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Fig. 3. Quantum trajectory of fluorescence intensity from
two noninteracting molecules (a) and (b) and the com
bined fluorescence from these two molecules (c).

Equation Governing Off States
When a molecule is in a triplet state, its fluores
cence stops. Consequently, ρoff = ρ2 determines the
probability of the molecule being in the off state. The
equation that governs the probability of detecting a
molecule in the off state can be found from (20) if the
term Aρ1, which describes the arrival of the molecule
to the off state from the on state in the third equation,
is omitted. Consequently, the dynamics of the off state
is described by the equation ρ off = −aρ off . Reiterating
the arguments used when deriving formula (29), the
following expression governing the probability of find
ing a molecule in the off state can be obtained:

Poff = a exp(−at) ,

(30)

where τ off = 1/ a is the mean duration of the off
interval.
QUANTUM TRAJECTORY OF INTENSITY
OF FLUORESCENCE
FROM TWO MOLECULES
Jumps from the on state to the off state and back
occur at random moments in time with the probabili
ties given by (29) and (30). To determine these random
moments, we can use the equation
t

Pon = (1 / τ on)exp(−t / τ on).
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∫

rnd ( t ) = P ( τ ) d τ,
0

(31)
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Fig. 4. Histograms of correlation functions of fluorescence from a molecule measured from quantum trajectories of intensity
shown in Figs. 3a–3c, respectively. Solid lines are ACF calculated based on formulas (32) and (17).

where the function rnd ( t ) defines a random number
between 0 and 1 with a constant density of probability.
The values of t found from Eq. (31) are the sought ran
dom moments in time, which are distributed with the
density of probability P (t ) .
The random moments of fluorescence stop and
recovery, i.e., intensity fluctuations of the fluores
cence from two different molecules calculated using
formula (31), are shown in Figs. 3a and 3b. Figure 3a
presents the model fluorescence with parameters (23)
for which the ratio of mean durations of the on and off
(1)
intervals is τ(1)
on / τ off = 3 / 5 . Figure 3b illustrates the flu
orescence that would be emitted by a molecule with
(1)
(2)
(1)
longer mean intervals: τ(2)
on = 3τ on and τ off = 3 τ off .
Because these molecules do not interact with each
g(2)
1.5

(а)

other, fluctuations of fluorescence from each molecule
are independent. Hence, fluctuations of combined
fluorescence from two molecules are simply added, as
can be seen from Fig. 3c. As a result, some of the off
intervals disappear. Consequently, fluorescence from
even several molecules does not reveal any off intervals
and becomes continuous, as is usually observed in the
case of a molecular ensemble.
The rate 1/ T1 of spontaneous fluorescence is the
largest in the set of constants (23). Expanding the
expression that governs R in (22) in a power series with
respect to small parameter kAT12 , we obtain the fol
lowing expressions for the exponents in (21):

γ 0 + R ≅ 1/ T1, γ 0 − R ≅ 1/ τ on + 1/ τ off .
If the temporal resolution in the experiment is lower
than the mean time interval between two successively
emitted photons, after averaging over the time inter
val that corresponds to the available temporal resolu
tion, the second exponential in (21) vanishes and for
mula (21) takes the form

1.0

⎧ 1 / τ off
p(t) = k ⎨
⎩1 / τ on + 1 / τ off

0.5

⎫
1 / τ on
exp[ − t (1 / τ on + 1 / τ off )]⎬ .
1 / τ on + 1 / τ off
⎭
Substituting the latter expression into (12), we obtain
the following simple formula that describes the ACF of
fluorescence from a single molecule:
−

0
(2)
g(2)
1.5

40

80
(b)

g (2)(t ) = 1 + ( τ off / τ on ) exp[−t (1/ τ on + 1 / τ off )].

1.0
0.5

0

40

τ, ms

80

Fig. 5. Autocorrelation function of fluorescence from one
(a) and two (b) Hg+ ions measured in [10] (dots) and cal
culated based on formulas (12) and (17) (solid lines).

(32)

The ratio τ off / τ on is called the contrast.
Applying formula (1), which is usually used for the
statistical processing of experimentally measured fluo
rescence, we can measure the ACF of the blinking flu
orescence shown in Fig. 3. The result is presented as a
histogram in Fig. 4. Solid lines show the results of the
theoretical calculation of ACF of fluorescence from
single molecules based on formulas (19), (32) with
M = 1 (Figs. 4a, 4b) and M = 2 (Fig. 4c). Rather good
agreement between the curves and the histograms
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proves the validity of formula (19), which governs the
ACF of fluorescence from several molecules.
Formula (17) can be compared with the ACF of
fluorescence from one and two Hg+ ions measured in
[10]. The result is shown in Fig. 5. The theory yields
satisfactory agreement with the experiment. The sup
pression of antibunching and the decrease of contrast
in fluorescence from two ions are clearly seen, which
indicates that fluorescence from two ions acquires the
properties of classical light.
CONCLUSIONS
If each molecule excited by cw laser radiation
exhibits blinking fluorescence, fluorescence from an
ensemble of several molecules will continue to blink,
but will be smoothed. Nevertheless, statistical analysis
can be applied to this fluorescence with smoothed
blinking to find its ACF. In the present work, we theo
retically derived the expression that governs the ACF
of fluorescence from an ensemble of molecules and
expressions that govern the distribution functions of
the on and off intervals. We conducted a computer
experiment to simulate fluctuations of the blinking
fluorescence and to perform statistical processing of
the simulated fluorescence using formula (1) usually
used for processing the experimentally measured fluc
tuations. The agreement of the histograms with the
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curves in Fig. 4 proves the validity of both the theoret
ically derived formulas and the computer simulations.
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